ABSTRACT
The magnetosphere about rotating black holes surrounded by a magnetized accretion disk is expected to be largely force-free. In the recently discussed axisymmetric field-configuration of Gosh (1999) , this naturally gives rise to a charge on the black hole of the order of BJ, as expected by dimensional analysis and a commensurate horizon flux of about BM 2 . For stellar mass black holes surrounded by strong magnetic fields ∼ 10 15 G, an electric charge of BJ is extremely small compared to the extremal charge M, so that the Kerr geometry remains a valid approximation for a force-free magnetosphere. This electric charge is similar to that of a magnetar. We interpret this to indicate that newly formed black holes from stellar collapse are endowed with an electric charge of about BJ, remaining far removed from extremality.
Subject headings: black hole physics -magnetic fields
The extraction of the rotational energy of a black hole using the magnetic field in the environment has been discussed as a possible way of powering AGN, as proposed by Blandford and Znajek(1977) . These ideas have recently been contemplated in the context of gamma-ray bursts, where a low mass black hole is threaded by a magnetic flux of similar magnitude (Meszaros and Rees 1997; Paczynski 1998; van Putten 1999 van Putten , 2000 Lee, Wijers and Brown 2000) .
In the Blandford-Znajek process, the plasma surrounding the black hole is assumed to be force-free. The electric field configuration is then determined by the magnetic field using the force-free condition. It turns out as discussed below that the electric field has non-vanishing normal component to the horizon. This can be interpreted in terms of a surface charge density on horizon in the frame work of the membrane paradigm developed by Thorne, Price and Macdonald (1986) . It implies that a rotating black hole surrounded by a force-free magnetosphere is generally endowed with an electric charge Q. From a simple dimensional counting, we can easily guess Q ∼ BJ. In contrast, discussions by Preparata, Ruffini and Xue (1998) and Damour and Ruffini (1975) consider newly formed black holes with extremal charge Q ∼ M, which takes the metric into the Kerr-Newman regime.
It has been known that the rotating black hole immersed in the external magnetic field in vacuum exhibits non-vanishing surface charge density. Wald(1974) demonstrated that the electric charge Q = 2BJ for the the rotating black hole with angular momentum J is electrostatically favorable with asymptotic field strength B. In essence, the environment about an uncharged Kerr black hole is electrically polarized with transfer of angular momentum into it, due to bending of the magnetic field about the horizon.
The accumulated charge is set into corotation with the horizon, with a self-induced magnetic flux as a result. Indeed, corotation of a Wald charge produces a horizon flux 4πQMΩ H = 8πBM 2 sin 2 (λ/2), where sin λ = a/M and Ω H denotes the angular velocity of the black hole (van Putten 1999) . Together with the charge-free flux 4πBM 2 cos λ, this recovers a net horizon flux Φ = 4πBM 2 -an electrostatic equilibrium in which the metric is the Kerr metric (Dokuchaev 1987 ).
These observations suggest the possibility that a magnetic flux on the rapidly rotating black hole, which is essential in extracting out the rotational energy, can be maintained through a rotating electric charge on the horizon also when the magnetosphere is force-free.
It is of interest to evaluate the horizon charge particularly in relation to gamma ray burst, for which, if powered by stellar mass black holes, the specific angular momentum a ∼ M and B ∼ 10 15 G. The results will be compared with the charge on a magnetized pulsar.
Coulomb's law of electrodynamics,
suggests that the net electric charge of a system can be obtained by the surface integration
over a closed surface surrounding the system. These equations hold not only in flat space-time but can also be shown to hold in curved space-time if the dot product is interpreted in the generally covariant way and the electric field E and the charge density ρ e are appropriately defined. This has been made explicit by Thorne and Macdonald (1982) using the 3+1 formulation of curved space-time electrodynamics. At each space-time point, a fiducial reference frame is chosen by splitting the 4-dimensional space-time into three space directions and one "universal time" direction. In terms of the thus defined electric field and charge density, Coulomb's law in curved space-time electrodynamics has the similar form as in the flat geometry.
Eq. (2) is very useful in determining the charge on a black hole in the case where we can find the electromagnetic field structure around the black hole pertubatively with the given background metric. The force-free magnetosphere of a rotating black hole is one of the good examples, in which the Kerr metric (for example, see Okamoto 1992 ) is used as a background geometry. The latter applies when the magnetic energy density is not large enough to affect the background metric significantly:
The axially symmetric force-free magnetosphere around a rotating black hole is described by surfaces of constant magnetic flux Ψ(r, θ), in Boyer-Lindquist coordinates (r, θ, φ). These flux surfaces are in rigid rotation (Thorne, Price and McDonald 1986 ) with angular velocity Ω F = Ω F (Ψ). The poloidal parts of the magnetic and electric field are given by
where ̟ = (Σ/ρ) sin θ and ω = 2Mra/Σ 2 is the angular velocity of the black hole. Also, α = ρ √ ∆/Σ denotes the lapse function and v F = α −1 (Ω F − ω)̟ eφ denotes the velocity of the rotating poloidal field line relative to the ZAMO. Here, we use the Boyer-Lindquist
The electromagnetic field components normal to the horizon are by
It may be noted that there are also non-vanishing θ-components of electric and magnetic field in a force-free magnetosphere. This permits E · B = 0 to be satisfied, even within the inner light surface of Znajek (1977) down to the horizon -in the presence of sufficient electric current. The the total electric charge on the stretched horizon is given by
and the total magnetic flux through upper hemisphere by
Ω F (Ψ), the current flow into the black hole I(Ψ), and Ψ are determined by the Maxwell equation for the force-free magnetosphere, which leads to the equation (Blandford and Znajek 1977 , Beskin 1997 given by
This equation, called the stream equation, is quite complicated and one cannot expect to be able to obtain analytical solutions in a general situation.
In the restricted case of a non-rotating black hole with Ω F = 0, Eq. (8) reduces to the following simple form;
The general structure of the solution for Eq. (9) is discussed by Ghosh(1999) . Although we do not have the solution Ψ in the general rotating black hole case, in a numerical study by Macdonald(1984) it is demonstrated that the effect of the black hole rotation to the poloidal magnetic field structure is small even at high angular momentum, a ≤ 0.75M.
Based on these observations we will assume in this work that the poloidal structure of the rotating black hole can be taken as that of nonrotating black hole.
Since we are interested in the case of Poynting flux beamed along the rotation axis as in the Blandford-Znajek process, we take the form suggested by Ghosh and Abramowicz(1997) :
for the upper hemisphere,
and for the lower hemisphere,
which are linear combinations of the specific solutions discussed by Macdonald(1984) and Ghosh(1999) . This can naturally represent the situation where an accretion disk exists on the equatorial plane with the toroidal component of the current density
The calculation of the electric charge on the black hole is now straightforward. Using
Eq's (6) and (10) and assuming an optimal case where Ω F ∼ Ω H /2, we get
Since we are using an approximate solution with which a qualitative estimation is only possible in this work, we take Ψ 0 ∼
and Φ B ∼ 8πMr H B to get
which is similar to the Wald's charge in electrostatic equilibrium. For a rapidly rotating black hole with strong magnetic field(B = 10 15 G), which is relevant for powering GRB's, the charge can be estimated as
Compared to the extremal charge on the black hole, one can see that the above charge is much smaller
and therefore the Kerr metric can be treated safely as a background for the force-free magnetosphere.
The pulsars are known to be rapidly rotating neutron stars with strong magnetic field (Shapiro and Tuekolsky 1983) . And recently several magnetars with even stronger magnetic field (Kouveliotou et al. 1999 ) have been found. Around these compact objects the vacuum is unstable and magnetoshpere with charged particles is likely to be formed.
Goldreich-Julian (Goldreich and Julian 1969) suggested a model of pulsar with degenerate magnetosphere which is similar to the force free magnetosphere. Assuming the poloidal field structure as that of the magnetic dipole
we get the electric field using the degenerate condition as
where v F is the velocity of the rigidly rotating field lines. Then it is straightforward to calculate the surface charge density and then the electric charge on the rotating neutron star in a degenerate magnetosphere (Goldreich and Julian 1969 )
Using the MR 2 Ω, we get
which has a similar structure as Eq. (14). If we take M ∼ 1.5M ⊙ , R ∼ 10 6 cm, Ω ∼ 10 4 /s for a magnetar with B ∼ 10 14 G, we get Q N S = 10 15 C which is roughly the same order of magnitude as that on the rotating black hole in a force free magnetosphere obtained above.
The above gives an indication about the charge during accretion induced collapse into a black hole. During collapse, the specific angular momentum J/M will change continuously.
Since the time-scale of accretion of a charge BJ is of order M, the notion that both the neutron star and the final black hole state have charges of order ∼ BJ indicates that the charge Q should remain about this value. This should hold in particular when the accreting matter is magnetized at the level of the collapsing neutron star, in which case the initial charge on the neutron star and the final charge on the black hole are similar within a factor of unity. In this event, with r H /R N S ∼ 10 −1 we get from Eq. (14) and Eq. (20)
In this paper, we make an attempt to infer the electric charge on the rotating black hole immersed in a force-free magnetosphere using the 3 + 1 formalism. By taking the poloidal structure of the magnetic field proposed by Ghosh and Abramowicz as that of rotating blackhole magnetosphere, the net electric charge on the black hole for the magnetic field of ∼ 10 15 G is found to be much smaller than the extremal charge so that using Kerr metric as the background geometry is justified. It is also found to be comparable to the 1 We can also define the stream function on the neutron star surface as Ψ(θ) = Φ B (1 − cos 2 θ).
electric charge on a magnetar obtained using the poloidal structure suggested by Goldreich and Julian. The results indicate that the electric charge during the entire process of accretion induced collapse in a failed-supernova scenario is of order ∼ BJ, which maintains a continuous magnetic flux from initial to final state and remains away from extremality.
Subsequent energetic processes powered by the black hole, therefore, should derive from its angular momentum, but not from electric discharge.
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